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Plasma energy loss into Kaluza-Klein modes
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Recently, Bargeret al. @Phys. Lett. B461, 34 ~1999!# computed energy losses into Kaluza-Klein modes
from astrophysical plasmas in the approximation of zero density for the plasmas. We extend their work by
considering the effects of finite density for two plasmon processes. Our results show that, for fixed temperature,
the energy loss rate per cm3 is constant up to some critical density and then falls exponentially. This is true for
transverse and longitudinal plasmons in both the direct and crossed channels over a wide range of temperature
and density. A difficulty in deriving the appropriate covariant interaction energy at finite density and tempera-
ture is addressed. We find that, for the cases considered by Bargeret al., the zero density approximation and
the neglect of other plasmon processes is justified to better than an order of magnitude.

PACS number~s!: 04.50.1h, 14.70.Bh, 52.40.Db
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I. INTRODUCTION

Recently, Bargeret al. @1# addressed astophysical co
straints on extra dimensions by computing energy loss r
from the sun red giant stars and~type II! supernovae due to
possible excitation of graviton modesG in the case where the
extra dimensions are compactified@2#. The processesgg
→G, e1e2→G, ge→Ge, eN→GeN ~in the static nucleon
approximation!, and NN→GNN where considered. The
worked in the zero density approximation, varying only t
temperature. Their calculation neglected plasma effects
they anticipated that this neglect should not be import
because of the high power dependence onMS , the inverse of
the compactification dimension.

The purpose of this paper is to address the extent to w
the processgg→G ~and the crossed processg→gG! is af-
fected by a nonzero charged particle density and the pres
of both longitudinal and transverse plasmons. Our aims
in brief, to find numerical values for the energy loss rate
cm3 for densities from 1 to 1015g/cm3 and temperatures from
1 to 109 eV, to confirm the Bargeret al. expectation of den-
sity insensitivity, to show the extent to which the syste
they considered are close to the border in density at wh
their expectation fails, to determine the relative contributio
of longitudinal and transverse plasmon processes, to add
the size of the contribution of the crossed process, and,
portantly, to note the ambiguities in the form of a covaria
interaction between plasmons and Kaluza-Klein modes.

It is clear that the expectation of Bargeret al. @1# must fail
at sufficiently high density, for fixed temperature, since
energy loss rate goes as an integral over the Bose–Ein
distribution, (ev i /kT21)21, in which the frequencies ar
given by a dispersion relation with an effective photon m
that grows with density. It is essentially a numerical quest
as to the point at which suppression sets in and the rate~in
0556-2821/2000/62~7!/076007~10!/$15.00 62 0760
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density! at which it proceeds. Intuition is hampered by th
fact that the natural parameter is the electron chemical
tential which is not simply related to the particle density. W
give the numerical results over the temperature and den
ranges cited above.

An important problem in carrying out this work is th
question of the appropriate Lagrangian. The free space c
pling between the electromagnetic field and gravitons can
found in textbooks, for example@3#, and has been genera
ized to the case of higher dimensional Kaluza-Klein exci
tions @4,5#. However, we have not found a parallel literatu
for the case in which the free space photon is replaced b
plasmon satisfying a nontrivial dispersion relation. This d
ficulty is addressed in Sec. II. We adopt a diagrammatic
proach and also make an approximation that we test num
cally. Also given in Sec. II is the formalism used for th
numerical calculations of Sec. III. We conclude in Sec.
with a brief summary.

II. FORMALISM

In a medium with nonzero temperature and density, rad
tion satisfies the dispersion relation

v22ukW u25Pa~v,ukW u!. ~1!

)a(v,ukW u) is the transverse or longitudinal component of t
polarization tensor

Pa~v,ukW u!5ea
m* Pmnea

n , ~2!

whereea
m (a5L,T) are the polarization vectors and the p

larization tensor)mn is the photon self energy in the me
©2000 The American Physical Society07-1
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dium. The contribution to this self energy from fermions
the medium is calculated in the medium rest frame by add
a term

p”1m

e~E6m!/T11
2p id~p22m2! ~3!

to the usual~vacuum! propagator. Here,T is the temperature
E5p0, and m is the electron chemical potential, which
related to the electron number densityne by

2E d3p

~2p!3 F 1

e~E2m!/T11
2

1

e~E1m!/T11G5ne . ~4!

To lowest order in the fine structure constanta, the polariza-
tion tensor is given by

Pmn516paE d3p

~2p!32E F 1

e~E2m!/T11
1

1

e~E1m!/T11G
3

~p•k!2gmn1k2pmpn2p•k~kmpn1knpm!

~p•k!2 . ~5!

It turns out that)L and)T can be approximated to within
1% for all temperatures and densities@6# by

PL5vP
2 @12G~v

*
2 ukW u2/v2!#1v

*
2 ukW u22ukW u2, ~6!

PT 5vP
2 @11 1

2 G~v
*
2 ukW u2/v2!#, ~7!

wherev* is an average value ofv5upW u/E for the electron
~the only fermion which contributes for stellar temperatu
and densities!. Explicitly,

v* 5v1 /vP , ~8!

with v1 given by

v1
25

4a

p E
0

`

dupW uupW uS 5

3
v32v5D f E , ~9!

wheref E is the sum of the electron and positron distributio
@the square bracket in Eq.~5! above#. The plasma frequency
vP is given by

vP
2 5

4a

p E
0

`

dupW uupW uS v2
1

3
v3D f E , ~10!

and the functionG(x) is

G~x!5
3

x F12
2x

3
2

12x

2Ax
logS 11Ax

12Ax
D G . ~11!

It will be important below to note that, for transvers
photons,k25v22ukW u2 is vP

2 for ukW u50 andincreasesas ukW u
increases, while for longitudinal photons,k25vP

2 at ukW u50

and decreasesas ukW u increases. Integration overukW u for lon-
gitudinal photons must be cut off at the point wherek2 be-
comes negative:
07600
g

s

ukW umax
2 5

3vP
2

v
*
2 F 1

2v
*
2 logS 11v*

12v*
D G . ~12!

We include in our numerical evaluations the renormaliz
tion constants

Za
21512

])a

]v2 , ~13!

although this is inconsistent with calculating only to the lo
est order ina. It is a check on our results that they do n
change significantly when theZa are set to unity. TheZa are
given by @7#

ZT5
2v2~v22v

*
2 ukW u2!

v2@2vP
2 22~v22ukW u2!#1~v21ukW u2!~v22v

*
2 ukW u2!

,

~14!

ZL5
2v2~v22v

*
2 ukW u2!

3vP
2 2v21v

*
2 ukW u2

v2

v22ukW u2
. ~15!

The rate of graviton emission can be calculated using
Lagrangian for the coupling of Kaluza-Klein fieldGnW

mn , cor-
responding to the mass excitationmnW

25(2p)2nW 2/R2, to the
photon energy-momentum tensorTmn . Neglecting gauge
terms, this coupling is@4,5#

L52
k

2
GnW

mnTmn

5
k

2 S GnW
mnFm

l Fnl2
1

4
GnW ,m

m FlrFlrD , ~16!

FIG. 1. The Feynman diagrams for the one-loop corrections
the energy-momentum tensor are shown. The dotted lines de
Kaluza-Klein gravitons, the dashed lines photons and the solid l
electrons.
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TABLE I. The entries are chemical potentialm(r,T). The rows are labeled by the densityr in g/cm3, and
the columns by the temperatureT in eV.

r\T 1 101 102 103 104 105 106 107 108 109

1 0.51 0.51 0.51 0.50 0.42 1.831025 1.431028 1.4310210 1.4310212 2.8310214

101 0.51 0.51 0.51 0.51 0.44 1.831024 1.431027 1.431029 1.4310211 1.4310213

102 0.51 0.51 0.51 0.51 0.46 1.831023 1.431026 1.431028 1.4310210 1.4310212

103 0.51 0.51 0.51 0.51 0.49 0.02 1.431025 1.431027 1.431029 1.4310211

104 0.52 0.52 0.52 0.52 0.51 0.14 1.431024 1.431026 1.431028 1.4310210

105 0.56 0.56 0.56 0.56 0.56 0.37 1.431023 1.431025 1.431027 1.431029

106 0.72 0.72 0.72 0.72 0.72 0.65 0.014 1.431024 1.431026 1.431028

107 1.20 1.20 1.20 1.20 1.20 1.20 0.14 1.431023 1.431025 1.431027

108 2.40 2.40 2.40 2.40 2.40 2.40 1.20 0.014 1.431024 1.431026

109 5.20 5.20 5.20 5.20 5.20 5.20 4.50 0.14 1.431023 1.431025

1010 11.0 11.0 11.0 11.0 11.0 11.0 11.0 1.40 0.014 1.431024

1011 24.0 24.0 24.0 24.0 24.0 24.0 24.0 12.0 0.14 1.431023

1012 51.0 51.0 51.0 51.0 51.0 51.0 51.0 45.0 1.40 0.014
1013 110.0 110.0 110.0 110.0 110.0 110.0 110.0 110.0 14.0 0.14
1014 240.0 240.0 240.0 240.0 240.0 240.0 240.0 240.0 120.0 1.40
1015 510.0 510.0 510.0 510.0 510.0 510.0 510.0 510.0 450.0 14.0
e
a
o

is
whereFmn is the electromagnetic field tensor. We consid
only the coupling of the spin-2 component of the Kaluz
Klein field; the spin-0 component does not couple to ph
tons.

The matrix element forg(k1)g(k2)→G obtained from
Eq. ~16! is @4,5#

M5
k

2
el~k1!er~k2!e* mn~k11k2!Tmn,lr

~0! , ~17!

where

Tmn,lr
~0! 5k1•k2Cmn,lr1Dmn,lr~k1 ,k2!, ~18!
07600
r
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with

Cmn,lr5hmlhnr1hmrhnl2hmnhlr , ~19!

Dmn,lr~k1 ,k2!5hmnk1rk2l2@hmrk1nk2l

1hmlk1lk2n1~m↔n!#. ~20!

The sum over polarizations of the Kaluza-Klein state
@4,5#

(
s51

5

emn
s ~k!elr

s* ~k!5
1

2
Bmn,lr~k!, ~21!
87
.0
TABLE II. The entries arem̃(r,T) the difference between the chemical potentialm(r,T) andme . The
rows are labeled by the densityr in g/cm3, and the columns by the temperatureT in eV.

r\T 1 101 102 103 104 105 106 107 108 109

1 2.631025 2.231025 22.331024 25.831023 20.09 20.51 20.51 20.51 20.51 20.51
101 1.231024 1.231024 23.631025 23.531023 20.07 20.51 20.51 20.51 20.51 20.51
102 5.631024 5.631024 25.431024 21.131023 20.05 20.51 20.51 20.51 20.51 20.51
103 2.631023 2.631023 22.631023 22.231023 20.02 20.49 20.51 20.51 20.51 20.51
104 0.01 0.01 0.01 0.01 0.00 20.37 20.51 20.51 20.51 20.51
105 0.05 0.05 0.05 0.05 0.05 20.14 20.51 20.51 20.51 20.51
106 0.21 0.21 0.21 0.21 0.21 0.1420.50 20.51 20.51 20.51
107 0.71 0.71 0.71 0.71 0.71 0.6820.37 20.51 20.51 20.51
108 1.90 1.90 1.90 1.90 1.90 1.90 0.7220.50 20.51 20.51
109 4.60 4.60 4.60 4.60 4.60 4.60 4.0020.37 20.51 20.51
1010 11.0 11.0 11.0 11.0 11.0 11.0 10.0 0.8620.50 20.51
1011 23.0 23.0 23.0 23.0 23.0 23.0 23.0 11.020.37 20.51
1012 51.0 51.0 51.0 51.0 51.0 51.0 51.0 44.0 0.8720.50
1013 110.0 110.0 110.0 110.0 110.0 110.0 110.0 110.0 13.020.37
1014 240.0 240.0 240.0 240.0 240.0 240.0 240.0 240.0 120.0 0.
1015 510.0 510.0 510.0 510.0 510.0 510.0 510.0 510.0 450.0 13
7-3
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FIG. 2. The chemical potentialm(r,T) is
plotted for the range of densityr and temperature
T given in the text. Here, for display purpose
the lowest value ofm shown, 1022, is an upper
limit on the exact numbers in Table I.
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Bmn,lr~k!5EmlEnr1EmrEnl2
2

3
EmnElr , ~22!

Emn5hmn2
kmkn

mnW
2 . ~23!

The coupling Eq.~18! is gauge invariant even ifk1
2 andk2

2

are not zero, e.g.,k1
mTmn,lr

(0) 50. However, it is not conserved

(k11k2)mTmn,lr
(0) Þ0, if k1

2 and/ork2
2 differs from zero. We

cannot write a conserved coupling by using the ener
momentum tensor for a massive vector field becausek1

2 is
07600
-

not necessarily equal tok2
2. This means that if we squareM

of Eq. ~17!, and use Eq.~21!, we get extra terms of the form
k1

2/mnW
2 or k2

2/mnW
2 from the second term in Eq.~23!.

To have a conserved amplitude withk1
2Þk2

2Þ0, we must
include all the diagrams of Fig. 1. The Feynman rules for
fermion-fermion-G coupling and the fermion-fermion
photon-G are given in@4,5# and the loops are calculated b
using Eq.~3! for one of the legs. We have shown the sum
these diagrams is gauge invariant and conserved for arbit
k1

2 and k2
2 at finite temperature and density. However, th

was done without actually evaluating the diagrams. In p
ticular, diagram~d! is very tedious and we have not com
puted it. Instead, we have used only diagram~a! @Eq. ~17!
ty

2
2
2
2
2
2
2
2
2
2
2
2

TABLE III. The entries are log10(Q) for the process~1! (T1T→G). The rows are labeled by the densi
r in g/cm3, and the columns by the temperatureT in eV. A blank entry indicates thatQ
,102320erg/cm3 s. The number of compact dimensions isn52.

r\T 1 101 102 103 104 105 106 107 108 109

1 247.34 220.54 210.89 21.88 7.12 16.12 25.12 34.12 43.12 52.1
101 299.18 223.76 210.97 21.88 7.12 16.12 25.12 34.12 43.12 52.1
102 2267.65 238.33 211.54 21.89 7.12 16.12 25.12 34.12 43.12 52.1
103 289.99 214.75 21.97 7.12 16.12 25.12 34.12 43.12 52.1
104 2255.96 229.09 22.53 7.11 16.12 25.12 34.12 43.12 52.1
105 277.48 25.52 7.03 16.12 25.12 34.12 43.12 52.1
106 2210.07 216.77 6.57 16.11 25.12 34.12 43.12 52.1
107 245.16 4.96 16.06 25.12 34.12 43.12 52.1
108 2106.83 0.36 15.86 25.12 34.12 43.12 52.1
109 2239.38 211.34 15.32 25.10 34.12 43.12 52.1
1010 238.58 13.77 25.03 34.12 43.12 52.1
1011 299.08 9.25 24.84 34.12 43.12 52.1
1012 2230.97 22.40 24.32 34.10 43.12 52.12
1013 229.61 22.77 34.03 43.12 52.12
1014 290.10 18.25 33.84 43.12 52.12
1015 2221.98 6.60 33.32 43.10 52.12
7-4
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TABLE IV. The entries are log10(Q) for the process~2! (T1L→G). The rows are labeled by the densi
r in g/cm3, and the columns by the temperatureT in eV. The number of compact dimensions isn52.

r\T 1 101 102 103 104 105 106 107 108 109

1 246.65 220.73 214.13 28.11 22.11 9.39 20.89 30.05 39.06 48.0
101 298.74 222.73 212.70 26.61 20.61 9.39 20.89 30.05 39.06 48.0
102 2267.31 237.64 211.73 25.13 0.89 9.39 20.89 30.05 39.06 48.0
103 289.55 213.73 23.70 2.38 9.40 20.89 30.05 39.06 48.0
104 2255.62 228.40 22.74 3.86 9.87 20.89 30.05 39.06 48.0
105 277.05 24.58 5.27 11.28 20.89 30.05 39.06 48.0
106 2209.73 216.14 6.26 12.75 20.89 30.05 39.06 48.0
107 244.73 5.46 14.04 20.90 30.05 39.06 48.0
108 2106.47 0.94 14.99 21.17 30.05 39.06 48.0
109 2239.05 210.84 15.30 22.25 30.05 39.06 48.0
1010 238.17 14.21 23.26 30.05 39.06 48.0
1011 298.73 9.81 24.03 30.28 39.06 48.0
1012 2230.65 21.90 24.29 31.29 39.06 48.07
1013 229.19 23.20 32.27 39.06 48.07
1014 289.74 18.81 33.03 39.29 48.07
1015 2221.65 7.10 33.29 40.31 48.07
in
.

th
th
ll

le

me
m-
above# but have evaluated every energy loss twice: once
cluding thek1

2/mnW
2 andk2

2/mnW
2 terms and once omitting them

In every case, the results were almost identical. While
proves nothing, it does seem to indicate that performing
complete one-loop calculation would not give a substantia
different answer.

The reaction rate must be summed over the Kaluza-K
states, which is done by integrating over

dmn
2

4pmn
~n22!

k2MS
n12 , ~24!

wheren is the number of extra dimensions.MS is the string
07600
-

is
e
y

in

scale which is related to the compactification scaleR and
Newton’s constantGN . Specifically, we use

MS
n12Rn5

~4p!n/2G~n/2!

4GN
. ~25!

Our definition ofMS
n12 differs from that of@1# by a factor of

2, i.e., theirMS is larger by a factor of 21/(n12). As a con-
sequence, values of the energy loss rate per unit volu
obtained from our tables must be multiplied by 2 when co
paring with Bargeret al. @1#.

For 2 particles→1 particle reactions there remains ad
function from phase space which identifiesmn

2 with the cen-
ty
TABLE V. The entries are log10(Q) for the process~3! (T→L1G). The rows are labeled by the densi
r in g/cm3, and the columns by the temperatureT in eV. The number of compact dimensions isn52.

r\T 1 101 102 103 104 105 106 107 108 109

1 220.43 216.94 215.08 214.01 1.16 15.49 24.75 33.78 42.81
101 220.91 213.70 211.58 29.96 1.16 15.49 24.75 33.78 42.81
102 211.44 28.09 26.41 1.16 15.49 24.75 33.78 42.81
103 211.92 24.84 22.93 1.18 15.49 24.75 33.78 42.81
104 22.58 0.46 2.29 15.49 24.75 33.78 42.81
105 23.15 3.31 5.47 15.49 24.75 33.78 42.81
106 5.33 8.82 15.49 24.75 33.78 42.81
107 4.84 10.97 15.49 24.75 33.78 42.81
108 12.64 16.10 24.75 33.78 42.81
109 13.26 18.09 24.75 33.78 42.81
1010 19.99 24.74 33.78 42.81
1011 21.36 25.18 33.78 42.81
1012 19.86 27.14 33.78 42.81
1013 28.88 33.77 42.81
1014 29.94 34.23 42.81
1015 27.24 36.13 42.81
7-5
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TABLE VI. The entries are log10(Q) for the process~4! (L1L→G). The rows are labeled by the densi
r in g/cm3, and the columns by the temperatureT in eV. The number of compact dimensions isn52.

r\T 1 101 102 103 104 105 106 107 108 109

1 247.16 221.95 218.57 216.46 214.47 0.37 15.21 24.59 33.63 42.6
101 299.50 222.88 215.35 212.99 210.97 0.37 15.21 24.59 33.63 42.6
102 2268.17 238.15 212.95 29.57 27.48 0.37 15.21 24.59 33.63 42.6
103 290.32 213.88 26.35 24.01 0.39 15.21 24.59 33.63 42.6
104 2256.47 228.92 23.96 20.59 1.49 15.21 24.59 33.63 42.6
105 277.82 24.80 2.58 4.76 15.21 24.59 33.63 42.6
106 2210.59 216.71 4.96 8.16 15.21 24.59 33.63 42.6
107 245.50 4.83 11.09 15.22 24.59 33.63 42.6
108 2107.32 0.32 13.25 15.85 24.59 33.63 42.6
109 2239.92 211.54 14.26 18.34 24.59 33.63 42.6
1010 238.96 13.49 20.62 24.59 33.63 42.6
1011 299.58 9.18 22.35 25.12 33.63 42.6
1012 2231.52 22.60 23.25 27.45 33.63 42.68
1013 229.98 22.49 29.65 33.63 42.68
1014 290.59 18.18 31.36 34.17 42.68
1015 2222.53 6.40 32.25 36.49 42.68
he

oc-

the
ter of mass squared energys. Thus, the integral overmn
2, Eq.

~24!, replacesmn
2 by s and our results depend onn through

the factors(n22)/2/MS
(n12) .

The rate of energy loss per unit volume is given by t
standard expression

Qa,b5AE d3k1

~2p!3

1

ev1 /T21 E d3k2

~2p!3

1

ev2 /T21

3~v11v2!Za~ ukW1u!Zb~ ukW2u!vs, ~26!
07600
wherevs denotes the cross section times the relative vel

ity @1#. The initial photons haveki
25v i

22ukW i u2, i 51,2 and
can be transverse,a5b5T, longitudinal, a5b5L, or
mixed, e.g.,a5L, b5T. The factorA gives the number of
spin states:A54,2,1 for TT, TL, or LL. For longitudinal

photons, theukW u integrals are cut off atukW umax given by Eq.
~12!. The corresponding expression for the energy loss in
decayT→LG is
ty

2
2
2
2
2
2
2
2
2
2
2
2

TABLE VII. The entries are log10(Q) for the sum of process~1!–~4!. The rows are labeled by the densi
r in g/cm3, and the columns by the temperatureT in eV. The number of compact dimensions isn52.

r\T 1 101 102 103 104 105 106 107 108 109

1 246.47 220.07 210.89 21.88 7.12 16.12 25.12 34.12 43.12 52.1
101 298.55 220.90 210.96 21.88 7.12 16.12 25.12 34.12 43.12 52.1
102 2267.11 237.46 211.07 21.89 7.12 16.12 25.12 34.12 43.12 52.1
103 289.37 211.91 21.96 7.12 16.12 25.12 34.12 43.12 52.1
104 2255.41 228.22 22.12 7.11 16.12 25.12 34.12 43.12 52.1
105 276.86 23.12 7.04 16.12 25.12 34.12 43.12 52.1
106 2209.53 215.96 6.77 16.12 25.12 34.12 43.12 52.1
107 244.54 5.72 16.06 25.12 34.12 43.12 52.1
108 2106.27 1.11 15.91 25.12 34.12 43.12 52.1
109 2238.84 210.66 15.63 25.10 34.12 43.12 52.1
1010 237.98 14.40 25.04 34.12 43.12 52.1
1011 298.53 9.99 24.90 34.12 43.12 52.1
1012 2230.44 21.72 24.63 34.10 43.12 52.12
1013 225.04 23.40 34.04 43.12 52.12
1014 289.54 18.99 33.90 43.12 52.12
1015 2221.45 7.28 33.63 43.10 52.12
7-6
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QT→L52E d3kT

~2p!32vT

1

evT /T21E d3kL

~2p!32vL

3
~vT2vL!

12e2vL /T ZT~ ukWTu!ZL~ ukWLu!

3
~2p!4@~kT2kL!2#~n22!/2

k2MS
n12 uMu2, ~27!

whereM is given by Eq.~17! with k2→2kL .

TABLE VIII. The entries denote the the process which mak
the mominant contribution toQ. A zero indicates that all of the
processes are negligible (Q,102320erg/cm3 s).

r\T 100 101 102 103 104 105 106 107 108 109

1 2 3 1 1 1 1 1 1 1 1
101 2 3 1 1 1 1 1 1 1 1
102 2 2 3 1 1 1 1 1 1 1
103 0 2 3 1 1 1 1 1 1 1
104 0 2 2 1 1 1 1 1 1 1
105 0 0 2 3 1 1 1 1 1 1
106 0 0 2 2 1 1 1 1 1 1
107 0 0 0 2 2 1 1 1 1 1
108 0 0 0 2 2 1 1 1 1 1
109 0 0 0 2 2 1 1 1 1 1
1010 0 0 0 0 2 2 1 1 1 1
1011 0 0 0 0 2 2 1 1 1 1
1012 0 0 0 0 2 2 1 1 1 1
1013 0 0 0 0 0 3 2 1 1 1
1014 0 0 0 0 0 2 2 1 1 1
1015 0 0 0 0 0 2 2 1 1 1
07600
III. CALCULATIONS

The first step in the calculations is to obtainm(T,r) from
Eq. ~4!. In doing this we assume that the electron num
density ne is related to the mass densityr by ne5r/mp ,
wheremp is the proton mass. This is useful for comparis
purposes and is a reasonable order of magnitude approx
tion but needs correction~by less than an order of magn
tude! for a supernova or a neutron star. The results of
calculation ofm are given in Tables I and II for the matrix o
r and T values: r51.0,10.0, . . . ,1015g/cm3 and T
51,102, . . . ,109 eV. Two tables are given@m(T,r) and

s TABLE IX. The entries are the fraction of the contribution toQ
due to the dominant process of Table VIII.

r\T 1 101 102 103 104 105 106 107 108 109

1 0.66 0.43 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1
101 0.65 0.97 0.98 1.00 1.00 1.00 1.00 1.00 1.00 1.
102 0.63 0.66 0.43 1.00 1.00 1.00 1.00 1.00 1.00 1.
103 0.00 0.65 0.97 0.98 1.00 1.00 1.00 1.00 1.00 1.
104 0.00 0.63 0.66 0.39 1.00 1.00 1.00 1.00 1.00 1.
105 0.00 0.00 0.65 0.94 0.98 1.00 1.00 1.00 1.00 1.
106 0.00 0.00 0.63 0.67 0.64 1.00 1.00 1.00 1.00 1.
107 0.00 0.00 0.00 0.65 0.56 0.99 1.00 1.00 1.00 1.
108 0.00 0.00 0.00 0.63 0.66 0.88 1.00 1.00 1.00 1.
109 0.00 0.00 0.00 0.62 0.66 0.49 1.00 1.00 1.00 1.
1010 0.00 0.00 0.00 0.00 0.65 0.64 0.98 1.00 1.00 1.
1011 0.00 0.00 0.00 0.00 0.63 0.66 0.86 1.00 1.00 1.
1012 0.00 0.00 0.00 0.00 0.62 0.66 0.49 1.00 1.00 1.
1013 0.00 0.00 0.00 0.00 0.00 1.00 0.64 0.98 1.00 1.
1014 0.00 0.00 0.00 0.00 0.00 0.63 0.66 0.86 1.00 1.
1015 0.00 0.00 0.00 0.00 0.00 0.62 0.66 0.49 1.00 1.
FIG. 3. The log10(Q) for the processT1T
→G is plotted for the range of densityr and tem-
peratureT given in the text.
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m̃(T,r)5m(T,r)2me] in order to make clear both the de
viation of m from me ~taken as 0.51 MeV! at low tempera-
ture and its deviation from zero at high. Note the rapid var
tion of m ~for the lowest densities! at the temperatureT
around 0.1 MeV where pair production first begins to
copious, and the slower but similar variation at higher d
sitiesr. The variation is slower for higher densities becau
the electron-positron density difference needs to have a l
value. These variations are illustrated in Fig. 2, where,
display purposes, the lowest value ofm shown, 1022, is an
upper limit on the exact numbers in Table I. In calculatingm

FIG. 4. The log10(Q) for the processL1L→G is plotted for the
range of densityr and temperatureT given in the text.
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we used an iteration procedure and required that the ou
density value equal the input to better than 1%.

We now pass on to the results of calculatingQ
5d4E/dt dV for the case ofn52 extra dimensions. It was
possible to evaluate the integral in Eq.~26! over the cosine
of the angle between the two plasmons analytically so th
for all the processes under consideration, only two integ
remain in finding the energy loss rate: the integrals over
two plasmon momenta.

It should be noted that there are only four processes
consider:~1! T1T→G, ~2! T1L→G, ~3! T→L1G, and~4!

L1L→G. This is because, as the plasmon momentumukW u
increases, the effective mass of a transverse plasmon
creases while the effective mass of a longitudinal plasm
decreases@7#. Thus themissingprocesses,L→T1G and L
→L1G, are forbidden by energy-momentum conservati
The assertion is clear for the first process sincemT.mL . For
the second, we note that, in the rest frame of the decay
longitudinal plasmon,mL5vP and conservation of energ
and momentum implies that the graviton massmG satisfies

mG
25@vP2vL~ ukW u!#22ukW u2, ~28!

wherevL(ukW u) is the energy of the final plasmon. Using th
dispersion relation for longitudinal plasmons, it can
shown that the right side of Eq.~28! is less than zero for
ukW u.0.

The results of the calculations are given in Tables III–V
These have the energy loss rates for the four processes
for the sum, for a matrix of density and temperature valu
21.0– 1015g/cm3 for densityr and 1 – 109 eV for tempera-
ture T–in both cases in factors of 10 increments. In the
tables,T increases from left to right whiler increases from
top to bottom. The entries are logs to the base 10 of
energy loss rate in erg/cm3 s. Note that Bargeret al. @1# give
5
5
5
5
5
5
5
5
5
5
5
5

TABLE X. The entries are log10(Q) for the sum of processes~1!–~4! in the case ofn53 compact
dimensions. The rows are labeled by the densityr in g/cm3, and the columns by the temperatureT in eV.

r\T 1 101 102 103 104 105 106 107 108 109

1 256.71 230.35 220.05 210.04 20.04 9.96 19.96 29.85 39.95 49.9
101 2108.29 231.47 220.11 210.04 20.04 9.96 19.96 29.95 39.95 49.9
102 2276.35 246.70 220.36 210.05 20.04 9.96 19.96 29.95 39.95 49.9
103 298.11 221.48 210.10 20.04 9.96 19.96 29.95 39.95 49.9
104 2263.66 236.47 210.36 20.05 9.96 19.96 29.95 39.95 49.9
105 284.62 211.64 20.10 9.96 19.96 29.95 39.95 49.9
106 2216.84 223.28 20.35 9.95 19.96 29.95 39.95 49.9
107 251.47 21.22 9.91 19.96 29.95 39.95 49.9
108 2112.85 25.45 9.78 19.95 29.95 39.95 49.9
109 2245.09 216.90 9.56 19.94 29.95 39.95 49.9
1010 243.88 8.54 19.89 29.95 39.95 49.9
1011 2104.10 4.43 19.77 29.95 39.95 49.9
1012 2235.68 26.96 19.55 29.94 39.95 49.95
1013 233.90 18.54 29.89 39.95 49.95
1014 294.12 14.43 29.77 39.95 49.95
1015 2225.69 3.04 29.55 39.94 49.95
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TABLE XI. The entries are log10(Q) for the sum of processes~1!–~4! in the case ofn54 compact
dimensions. The rows are labeled by the densityr in g/cm3, and the columns by the temperatureT in eV.

r\T 1 101 102 103 104 105 106 107 108 109

1 266.96 240.44 229.15 218.15 27.15 3.85 14.85 25.85 36.85 47.8
101 2118.03 241.77 229.20 218.15 27.15 3.85 14.85 25.85 36.85 47.8
102 2285.59 255.95 229.44 218.15 27.15 3.85 14.85 25.85 36.85 47.8
103 2106.85 230.77 218.20 27.15 3.85 14.85 25.85 36.85 47.8
104 2271.91 244.72 218.44 27.15 3.85 14.85 25.85 36.85 47.8
105 292.38 219.79 27.19 3.85 14.85 25.85 36.85 47.8
106 2224.16 230.59 27.41 3.85 14.85 25.85 36.85 47.8
107 258.40 28.11 3.82 14.85 25.85 36.85 47.8
108 2119.43 212.02 3.70 14.85 25.85 36.85 47.8
109 2251.33 223.14 3.51 14.84 25.85 36.85 47.8
1010 249.79 2.69 14.80 25.85 36.85 47.8
1011 2109.68 21.13 14.69 25.85 36.85 47.85
1012 2240.93 212.19 14.51 25.83 36.85 47.85
1013 238.82 13.69 25.79 36.85 47.85
1014 298.69 9.87 25.69 36.85 47.85
1015 2229.93 21.19 25.51 36.83 47.85
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results per unit mass, but results per unit volume are be
for our purposes since they show more clearly the way
which the zero-density approximation breaks down as
density increases. We give the results forMS51 TeV. Two
additional tables,~VIII and IX ! give, respectively, the num
ber of the process that dominates for the reaction~zero if the
rate is zero, i.e., below 102320! and the fraction of the tota
represented by the dominant contribution.

In Fig. 3 (T1T→G), we see at a glance the effect cited
Sec. I: for fixedT the energy loss rate is independent of t
density untilr increases to a point where the effective ph
ton mass and plasmon density are sufficiently high that
rate drops exponentially. The numerical values are given
Table III. The analogous plot forL1L→G is shown in Fig.
4. Here, the the rate grows slightly for a fixedT before drop-
ping exponentially in the mass of the longitudinal plasm
with increasingukW u. Again, numerical values are found i
Table VI.

The Sun, a red giant, and a type II supernova are, in
(r,T) plane, given by Bargeret al. @1# to be at~156 g/cm3,
1.3 keV!, (106 g/cm3, 8.6 keV), and (1015g/cm3, 30 MeV),
respectively. We see from Table III that the Sun is in a lo
density region where the zero-density approximation ho
while the supernova is on the edge of a constant den
region. We also see from Table VIII that the other proces
contribute little in these two cases. The red giant~RG! case is
more interesting. In Table III, we see from theT5104 and
T5103 columns that the RG is in the gentle falloff region f
the former, but the steep falloff region for the latter. Exa
ining the region between 1 and 10 keV more closely giv
with T varying in 1.0 keV increments, for the log of theTT
energy loss rate:216.7,25.1,20.91, 1.36, 2.85, 3.94, 4.78
5.48, 6.07, and 6.57. The total energy loss rate varies
215.96,24.14, 0.37, 2.65, 3.77, 4.59, 5.25, 5.82, 6.31, a
6.77. In short, at the RG, theTT energy loss rate, 1.4 erg/g
is down by a factor 4.5 from its zero-density approximati
07600
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@1#, but the other processes bring the total rate up to
erg/g s, or within about a factor 2 of the zero density res

Finally we turn to the dependence of the emission rates
the numbern of ~large! extra dimensions. We give, in Table
X and XI, the results for the total rates forn53 andn54.
One sees, in the low-density limit, theT71n behavior pointed
out by Bargeret al. @1# for theTT→G rate which dominates
for n53,4 in the same places as in then52 case.

IV. SUMMARY

The approximations of zero density and purely transve
(T1T→G) photon annihilation into gravitons of@1# must
fail, for fixed temperature, at high densities. We have co
puted a first estimate of finite density corrections to tw
plasmon production, for both transverse and longitudi
plasmons of Kaluza-Klein excitations, as well as the dec
processT→L1G as a function of plasma density and tem
perature over a wide range of interest in both paramet
Our conclusion is that the zero-density, pure transverse
proximation is satisfactory for the Sun, marginal for sup
novae, and fails by about a factor of 5 for RGs. It is inte
esting to note that, while very little of ther2T plane is
occupied, astrophysical systems appear to be preferent
located relatively close to the boundaries~in r! at which the
transverse photon approximation begins to fail. Our calcu
tion is approximate in that we omit most of the diagrams
Fig. 1. However, we believe our results indicate that the f
calculation of all the diagrams is unlikely to modify our co
clusions.
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